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FOREWORD
This final report was prepared by the Department of Aerospace and
Mechanical Sciences, Princeton University, Princeton, New Jersey under
Contract Number NAS 2-7615 with NASA-Ames Research Center. It was
funded by and under the technical direction of the U. S. Army A_r
Mobility Research and Development Laboratory, Ames Directorate, Ames
Research Center at Moffett Field, California and was monitored and
administered by Dr. Dewey Hodges of that directorate.
Mr. William G. Bousman of the Ames Directorate, provided valuable
assistance during the set up of the experiments and by performing the
theoretical calculations used in comparing the experimental results
with theory.
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SUNMRY
The results of an experimental investigation of the flap -lag stability
of a hingeless rotor in hovering flight are presented and discussed. The
rotor blade and hub configuration were selected such that the hub and
blade had comparable levels of bending stiffness.
The experimental results presented here complement experimental results
reported in the literature. In these previous experiments all of the bending
flexibility in the rotor system was provided by the rub and the blade was
effectively rigid.
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NOMENCLATURE
blade section lift curve slope
blade chord, in or ft
blade moment of inertia in flap direction with respect
to flap flexure (r = 1.25 in), slug-fts
blade moment of inertia in flap direction with respect
to blade center of gravity, lb-ins
Southwell coefficient
local radius, measured from axis of rotation, in
rotor radius, in, or elastic coupling parameter defined
in References 1 and 2
Reynolds number at three-quarters radius, R,_ _ •75 ORc
v
blade weight, lbs
blade weight moment with respect to flap flexure
(r = 1.25 in), lb-in
Lock number, a^ I 
cR
structural damping ratio of lag motion
blade pitch angle at three-quarters radius
structural pitch angle, e s = e so + 8
structural pitch angle at e = 0, inclination of
principal flexural axes of blade-hub system measured
with respect to blade chord line at three-quarters
radius
Y
0.
I
cg
K
r
R
Y
^m
8
es
9
so
v
V kinematic viscosity of air, ft 2/sec
P air density, slugs/ft3
cud uncoupled non-rotating rotor blade natural
frequency in flap (9 s	0) Hz
WO B
non-rotating blade natural frequency in flap
direction, rigidly mounted, Hz
w^ uncoupled non-rotating rotor blade natural
frequency in lag (9 s = 0), Hz
w^
B
non-rotating blade natural frequency in lag
direction, rigidly mounted, Hz
cul ,	 c►aa non-rotating natural frequencies of rotor blade
at pitch angles other than A s = 0, Hz
(1 rotor angular velocity, RPM
(	 ) frequency non-dimenionalized by rotor RPM:
(	 ) C value of quantity in chordwise or lag direction
(	 ) F value of quantity in flapwise direction
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INTPIDUCTION
This report describes the results of an experimental investigation
of the flap-lag stability of a hingeless helicopter rotor blade and
compares the experimental results with theory. The theory used for
comparison is presented in References 1 and 2.
It has beer, shown in Reference 1 that the distribution of elastic
stiffness between the rotor hub and the rotor blade has a significant
influence on the dynamics of ttie coupled flap-lag motion of a hingeless
rotor blade and consequently affacts the damping of the lag motion. The
relative distribution of stiffness between the hub and the blade can be
characterized by an elastic coupling parameter, denoted by R in References
1 and 2. The parameter R is defined, such that, values of ^:ero and one
represent limits of the ratio of blade stiffness to hub stiffness. A
value of R equal to zero represents a blade-hub configuration in which
the hub is flexible and the blade is rigid. R equal to one characterizes
the case in which the blade is flexible and the hub is rigid. An alternate
physical interpretation of the parameter R is associated with the rotation
of the prin ,7ipal flexural axes of the blade-hub system with blade pitch.
When R is equal to zero, the blade principal axes remain aligned with the
shaft as the pitch is varied, and when R is equal to one the principal
axes rotate in a one-to-one relations.Up with the blade pitch.
Experimental results are presented in Reference 2 for two values
o` the elastic coupling paremeter R near to each of these limits
(R = 0.0$ and R = 0.96). It was the object of the experiments
i
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described here to obtain data for an intermediate value of R, nominally
0.5, and to compare these results with the theory of References 1 and 2.
The experimental apparatus employed iri these experiments consisted
of the drive system and rotor hub described in Reference 2. Rotor
blades fabricated at Princeton and described in detail later in this
report were employed to obtain a value of the elastic coupling parameter
nominally equal to 0.5.
This report is the final report submitted under NASA-Ames Research
Center Contract Number NAS 2 -7615 and comprises ona of a numbe-., of
investigations conducted under the subject contract. References 3, 49
5, and 6 describe other investigations conducted at Princetcn University
related to flap-lag stability which were submitted under this contract.
Reference 3 is a theoretical study concerned with the sensitivity of
analytical predictious of flap-lag stability to various modelling
assumptions. References 4, 5, and 6 are concerned with fundamental
aspects of modelling flexible rotor blades undergoing large structural
deformations.
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EXPERnMTAL APPARATUS
Thrust Stand
The model rotor thrust stand and hub employed for these experiments
was loaned to Princeton University by the Ames Directorate of AMRDL. The
shaker described in Reference 2 was not supplied, so an electromechanical
....
	
shaker was designed and constructed at Princeton University to provide
suitable Axcitation of rotor blade lag motion. The thrust stand is shown
in the photograph in Figure 1 with the electromechanical shaker installed.
Rotor Hub
The rotor hub used is described in detail in Reference 2 and shown
in Figure 2. Hub Stiffness is simulated by two sets of flexures, one
providing flap flexibility and the carer providing lag flexibility. The
flexures were placed as close as possible to the axis of rotation to
minimize the effects of hinge offset. The flexures were designed to
provide high torsional rigidity. The blade pitch angle can either be
varied inboard, close to the axis of rotation, or outboard at the blade
root. In fact, in the experiments reported in Reference 2, the two
limiting values of the elastic coupling parameter h were obtained by
varying the pitch at these two locations to simulate the two different
values of R. As noted in the introduction, R can be directly associated
with the rotation of the blade-hub system principal flexural axes with
blade pitch angle 7. The rotor blades emF'_^yed in the experiments of
Reference 2 were very stiff. The value of R near one was obtained by
changing the pitch at the inboard location such that the hub flexures
rotate with the blade when the pitch angle is changed. The value of R
3
near zero, corresponding to v •y little rotation of the principal flexural
axes with blade pitch, was obtained by changing blade pitch at the outboard
location, such that, the hub flexures remain at a fixed orientation with
respect to the rotor shaft.
For experiments reported here, flexible rotor blades were used with
this hub to obtain an intermediate •slue of R. Thy: blade pitch was changed
by adjustments at the outboard pitch change location only. The inboard flap
flexure axis was perpendicular to •w-he rotor shaft. The blade flexibility
combined with the hub flexibility gave a nominal value of R = 0.5.
Rotor Blades
The rotor blades were constructed of expanded light weight foam
plastic with a Fiberglass skin. A leading edge spar places the elastic
axis and the sectional center of gravity of the blade at the one-quarter
chord location. The rotor blades were fabricated in a meld using the
foam plastic to provide the basic aerodynamic shape of the blade and the
Fiberglass skin to provide. a smooth surface and appropriate bending
stiffness.
The rotor blade airfoil section is a NACA 0015, and the blade is
linearly twisted. Table T lists tine blade ani rotor characteristics.
The local inertial and stiffness properties of the blades are presented
in Figure 3. The non-rotating natural frequencies listed in Table I
were determined experimentally. The torsional frequency is very high and
it is therefore assumed in the analysis that the blade is rigid in torsion.
Figure 4 gives the pertinent dimensions of the blade-hub zystem, and irl-
dicates by cross-hatching the part referred to as the blade.
Instrumentation
Strain gages mounted on the hub flexures were employed to measure
r
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the blade motion. It was determined during the course of the experiments
that there was an extraneous frequency of approximately 25 Hz appearing
in the lag strain gage readings which made it difficult to measure the
damping of the lag mode. This frequency is apparently a natural fre-
quency of the thrust stand, and it appeared with equal amplitude and
phase =n the lag reading of each blade and was removed from the data
by reading the difference between the lag bending signal of each blade.
This technique eliminated the presence of this unwanted .frequency and
made it possible to obtain good measurements of the damping of the
lag motion. There •.eras also an excitation of the lag motion near one
per rev present at various rotational speeds. The source o:' this dis-
turbance was not discovered during the course of the experients and
presented some difficulty in the determination of lag damping at ttte
higher rotor rotational speeds (above 300 RW ). However, it was
possible to obtain good -alues of the lag damping over the rotational
speed range of interest in these experiments.
Experimental Procedure
The electromechanical shatter was used tc rrovide a oriz r el
sinusoidal motion of the rotor hub which in turn excited the lag irotior.
of the rotor blades. The rotor was adjusted to a particular 7,7M cfin-
terest and then the shaker tuned to provide a naxim= response. Then
after the lag motion was excited, the shaker was turned o-':' and tt:e
lag motion allowed to naturally decay. '^he damr,11-g ratio :;as measured
from the caeca- rate of ',he lag trace. Averages were taken over a la':ge
number of c;,-cles to determ°cane the best value of -!^,e lag iampirz ss a
fu:.ction of blade piter, and rotational speed.
r
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TABLE I
ROTOR AND BLADE CHARACTERISTICS
Blade*
Weight, WB
	1.16 lb.
Flapping moment of inertia about
blade center of gravity,IC('
	
244 lb-in2
Natural frequencies (rigidly mounted),
non-rotating
Flapwise, 
w 
	
4.09 Hz
B
Chordwise, 
w 
	
16.3 Hz
B
Torsion, we
	
98.4 F?z
B
Rotor
Radius, R 51.75 in
Chord, c 2.50 in
Number of blades, b 2
Airfoil Section NACA C015
Twist, 8 1 -.1670/in
Spanwise center of gravity, r, it
Moment of inertia about the root of
flap flexure,	 (r = 1.25 in.), I 602 lb-in 2
Weight moment about the root of flap
flexure, (r = 1.25 in.), Ws 20.34 lb-in
Lock number 7.74
Structural pitch angle, eso 40
Structural damping in lag .003
Uncoupled natural frequencies (blade
pitch angle = - 9 so^ non-rotating
w5 2.70 Hz
ws 6.28 Hz
we 95.6 Hz
*See Figure 4 for definition of blade and hub.
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DISCUSSION
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Experimental measurements of the lag damping were made for various
values of rotor rotational speed and blade pitch angle. Specifically
at a blade pitch angle of 80 at three-quarters radius, the lag damping
was determined over a range of rotational speeds from 200 RPM to 320 RMI
and also over a range of blade pitch angles from 00 to 80.
The dimensionless rotating natural frequencies of the rotor blade-
hub system at zero structural pitch angle are shown in Figure 5. These
rotating frequencies are calculated based on experimental measurement
of the non-rotating frequencies and the simplifying assumption that the
Southwell coefficient is equal to one for flap bending and equal to zero
for lag bending. Consequently the lag natural frequency is independent
of rotor rotational speed. It can be seen from this figure that the
rotor under investigation is stiff-in-plane (m s > 1). The structural
damping of the lag mot,.-_: for the blade-hub system was experimentally
determined to be 0.3 percent of critical.
In order to compare the experimental results with the theory of
Reference 1 and 2, a number of other measurements are necessary. The
theory presented in References 1 and 2 is based on a simplified physical
model of the elastic characteristics of the blade-hub system. This
simplified model represents the hub as massless with its flexibility
modelled by a pair of orthogonal springs which remain at a fixed orien-
tation with respect to the shaft. The blade flexibility is modelled by
a second pair of orthogonal springs which rotate with blade pitch. With
this physical model it is shown l '2 that the dynamic characteristics of
7
the rotor-hub system can be characterized by four parameters in addition
to the blade pitch angle. These four parameters are: the elastic coupling
parameter R; the structural pitch angle 9 s , which is the inclination of the
blade principal flexural area at zero blade pitch angle; and the non-rotating
flap and lag frequencies of the blade-hub system. The elastic coupling
parameter R is calculated from various experimental data obtained on the
non-rotating blade-hub system. Three essentially different techniques,
described in detail in Reference 7, are available for the determination of R.
The most direct approach is through measurement of the rotation of the
principal axis of the blade-hub system with blade pitch angle. It can be
shown3 that the rotation of the principal axes with blade structural pitch
angle is related to the parameter R by the equation
R sin 28
tan 2y =	 sR cos 26 s + 1-R
This approach has the advantage that no frequency measurements are required.
Further, good values of R can be obtained at small values of 9 s , typical of
the operating condition of a helicopter rotor7.
A second method is directly suggested by the results of Reference 2
and is, in fact, the method employed in that Reference. It can be shown
that the non-rotating natural frequencies of the blade-hub system vary
with pitch angle and R as a function of the non-rotating frequencies at
zero structural pitch angle (cu,, wS ) in the following fashion
2 cu t W	 2
9	 ^
(w' + w2) t (cud - w2 ) 	 1 - 4 (1 - R) R sin e 6`
3
(1)
(2)
aA
Thus, the natural frequencies can be measured at a variety of blade pitch
angles, and with the values of the frequencies at zero structural pitch
angle (w0 , wC ),R can be calculated. Using this technique, large variations
in blade pitch angle are required, since for small pitch angles the fre-
quencies vary with the square of the pitch angle and consequently, the
value of R obtained is very sensitive to the experimental measurement of
the frequencies. The sensitivity of this approach at small pitch angles
is shown by the fact that for this particular rotor configuration at a
structural pitch angle setting of 340 , a taree percent variation in flap
frequency from the value at zero pitch angle results in variation of R
from 0 to 0.5. Consequently, a large pitch angle range is required. For
this reason, measurements of the natural frequencies were made at 00 , 300,
600 and 900 pitch, rather than over the normal operating range of the
rotor. A:, ^o it should be noted that equation (2) is quadratic in R and
therefore two values of R result from the use of equation (2). An
additional relationship is required to determine the proper value of R.
Equation (1) gives the additional relationship, since the inclination of
the axes along which the two oscillations take place is equal to the in-
clination of the principal flexural axes of the blade-hub system. If
these directions are measured, the proper value of R can be determined frcm
equation (1). Here, an approximate measurement is satisfactory to distin-
quish whether the proper value of R is greater or less than 0.5, since the
frequency measurements are used to determine the quantitative value of R.
A third approach is also possible using a somewhat different set of
data. The measured non-rotating natural frequencies of the rctor blade
9
with the rotor blade root rigidly mounted, rather than on the hub, can be
used with the measured non-rotating natural frequencies of the blade
mounted on the hub to determine the elastic coupling parameter R.
Denoting by w
CB SB
and w the natural frequencies of the rotor blade
with the root rigidly mounted, it may be shown from the definition of R
given in Reference 2 and the results of Reference 3 that R is given by
W 
2
1 - (SB)W 	 a
^B
R =
w2	 W 2
1 - (1)	 ^B
where w0 and w  are the natural frequencies of the blade-hub system.
This technique was also used to calculate R as described below.
Data are presented in Figure 6 for the natural fre q uencies at various
pitch angles and the orientation of the two oscillations at a pitch angle
of 900 . These results taken with the measured structural pitch angle
8so = 40 , are used with equations (1) and (2) to determine the values of
R given in Figure 7. Also shown in Figure 7, is the value of R determined
by the technique expressed by equation (3). Table I gives the experimental
values of the non-rotating natural frequencies of the blade with a rigid
root mounting. There is some variation in R with pitch angle,apparertly
a result of the approximations used to develop the parameter R. The value
of R determined from the flap mode is not shown at 300 due to the sensitivity
of the calculation as noted above. Calculation of R based on the frequency
(3)
10
which is predominately motion in the lag direction gives a value of R
which is less sensitive to the precise value of the frequency than use of
the frequency in the flap direction.
The physical explanation for the variation of the calculated value
of R indicated in Figure 7 is not apparent, however, it is undoubtedly
related to approximations contained in the mathematical model which
represents the rotor as a lumped parameter system where in actual fact
the blade employed in these experiments is characterized by distributed
flexibility and mass.
Comparison of Theory and Experiment
The experimental measurements of the damping ratio of the lag mode
as a function of blade pitch and rotor angular velocity are presented
in Figures 8 through 10. Figures 8 and 9 show the variation of lag
damping with blade pitch angle at 200 RPM and 300 RPM respectively.
Figure 10 shows the experimental variation of lag damping with rotor
RPM at a blade pitch angle of 80.
The theoretical results presented include two different analytical
descriptions of the rotor blade section aerodynamic eMaracteristies,
referred to as linear theory and non-linear theory. For the linear
theory, the blade section lift curve slope and the profile drag
coefficient are assumed to be constant. The lift curve slope used in
the linear theory is 5.73. Two values of the blade profile drag
coefficient were used. At 200 RPM, the Reynolds number at three-quarters
radius is 88,100. The experimental data presented in Reference 8, for a
NACA 0015 airfoil, indicate that at this Reynolds number, a profile drag
11
coefficient of .02 at zero lift should be used for correlation with theory.
The Reynolds number at three quarters radius is 132,100 at 300 RPM.
Reference 8 indicates that the blade profile drag coefficient has
decreased to approximately .01 at zero lift. The nor.-linear theory
incorporates dependence of the lift coefficient and the profile drag
coefficient on angle-of-attack representative of the blade airfoil
section at the Reynolds number of these experiments. A detailed des-
cription of the airfoil characteristics employed in the non-linear theory
may be found in Reference 2. The analytical model of the airfoil data
employed is characteristic of the NACA 0012 section at a RE' 1.5 x 106.
The behavior of the ?`,ACA 0015 section at this Reynolds number is similar
to the NACA 0012.
The physical parameters of the rotor are given in Table I, and
a tip loss of .97 was used.
The value of R used for the comparison was chosen to be 0.5 based
on the results of the third technique described above. As can be noted
from Figure 6, determination of R at larger pitch angles gave values
smaller than 0.5. However, since the experiments were concerned with
blade pitch angles smaller than 100 , it would be expected that the best
choice for the value of R is that determined at zero pitch angle. Figure
11 indicates the effect of R on lag mode damping, showing the comparison
of the predicted lag mode damping for R = 0.4 and R = 0.5. R = 0.4 is
the value of the elastic coupling parameter determined from experiments
at 900 pitch angle. It appears from Figure 11, that the possible
12
variation in R indicated by Figure 7 over the pitch angle range of these
experiments, is not significant.
The linear theory agrees quite well with the experimu" tal results
using a value of R - 0.5 as can be seen from Figures 8, 9 and 10. The
non-linear theory yields somewhat higher values of lag damping at the
nigher pitch angles. Non-linear theory is not shown at 200 RPM owing to
the low Reynolds number for this case. Agreement, with the linear theory
is very good at 200 RPM. At 300 RPM the trend also appears to be predicted
well with the exception of the experimental. point at a blade pitch angle
of about 5.80. The experimental point at a blade pitch angle of 80 falls
between the linear and non-linear calculations. The variation of lag
damping ratio with RPM also is predicted very satisfactorily by the theory
as shown in Figure 10. The results at higher RPM fall between the linear
and non-linear theory. It would appear from the theoretical curves that
the increase in the lag damping ratio at 200 RFM indicated by the experi-
mental results is a Reynolds number effect as indicated by the theoretical
curves for two values of the blade profile drag coefficient.
It therefore generally appears that the theory of References 1 and
2 is quite successful at predicting the lag damping for a rotor system
with comparable levels of blade and rub stiffness.
The theoretical calculations were performed by Mr. W. G. Bousman
of the Ames Directorate of the U. S. Army Air Mobility R&D Laboratory.
13
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CONCLUSIONS
On the basis of the experiments conducted, the following conclusions
may be drawn:
1.) The theory for flap-lag stability of hingeless rotor blades
presented in References 1 and 2 is quite successful in predicting
the damping of the lag mode of a rotor system with comparable
levels of hub and blade stiffness.
2.) a single elastic coupling parameter, R developed in References 1
and 2 appears to be inadequate to describe the elastic character-
istics of a rotor blade hub system over the pitch angle range from
0 to 900 , however, it appears quite satisfactory for a description
of the system over the range of pitch angles normally encountered
in helicopter flight.
i4
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Figure 1. Photograph of Thrust Stand and Rotor System
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Figure 3. Stiffness and Weight Distribution of Rotor Blade.
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Figure 8. Comparison of Experiment and Theory for Damping
Ratio of Lag Mode at 0 = 200 RPM.
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Figure 9. Comparison of Experiment and Theory for Damping.
Ratio of Lag Mode at C2 = 300 RPM.
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Figure 10. Comparison of Experiment and Theory for Damping Ratio
of Lag Mode as a Function of Rotor RPTM for 9 = 80.
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Figure 11. Influence of R on Damping Ratio of Lag Mode.
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